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Abstract

To make appropriate decisions based on common indices used in control, both the
point estimates and their uncertainties must be known. Many control-relevant statis-
tics, such as model predictions, gain margins and other frequency domain quanti-
ties, are functions of parameters of process models. Confidence regions for these
quantities are most often calculated under the assumption that these quantities
have an asymptotic limiting normal distribution. These confidence regions may be
erroneous, and very misleading, as the asymptotic results ignore the influence of pa-
rameter nonlinearities. In addition, proximity of the model parameters to stability
/ invertibility boundaries also distorts the confidence regions from those predicted
from asymptotic theory. Generalized profiling is a flexible numerical method for
constructing confidence intervals and confidence regions for model parameters, and
functions of model parameters. Applications in nonlinear regression [1] indicate that
it provides a much more accurate representation of uncertainty in those instances
when the asymptotic uncertainty results are inaccurate or misleading. Generalized
profiling is based on the likelihood approach to quantifying uncertainty. The nu-
merical construction of these likelihood uncertainty regions requires solution to a
series of constrained optimization problems. Computationally efficient diagnostic
tests, motivated by profiling, are developed. These can be effectively employed as
screening tools to indicate when the asymptotic results are most likely to be inad-
equate.
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1 Introduction

Prediction-error approaches are widely used to obtain empirical process mod-
els that are most often used for controller design and analysis, and process
diagnosis. Prediction-error methods were developed in the late 1960’s and
1970’s by Astrom and Box and Jenkins. In spite of appearing to be a very
mature topic, there is intensive interest in this field. Gevers (2004) estimates
that 1500 papers have been written on this topic since 1991. The recent focus
can be described as an attempt to better connect the goals and objectives of
control, with those of identification, and the design of experiments to obtain
these models. A great emphasis has been devoted to providing uncertainty
descriptions for the process that can be used for controller design. The focus
on identification for control is referred to as robust identification or control-
relevant identification.

There are three main factors which contribute to uncertainty in models fitted
to data [2]:

1. noise in the data
2. changing plant dynamics
3. choosing a model form which cannot capture the true process dynamics

The methods for characterizing uncertainty analysis can be broadly catego-
rized into two areas:

1. Identification of hard error bounds. Hard error bounds are guaranteed up-
per bounds on model uncertainty [3,4]. The methods evolving from these
approaches are known as bounded error or set-membership identification.

2. Statistical error bounds. In these approaches, statistical methods are used
to quantify model uncertainty. These also called soft-error bounds [5,6].

An accessible overview of this material with illustrative examples is given in
[5].

Recent work on statistical error bounds [6–8] has re-focused on the use of
prediction-error methods for estimation and analysis. The philosophy in these
papers, also articulated in [9] is: Obtain an unfaslified model: reduce it if neces-

sary. This approach is motivated by the rather obvious statement that in order
to characterize the uncertainty in the model, an estimate of the true model is
required. To obtain the latter, a model of increasing complexity is constructed
until it is not falsified - i.e., the hypothesis that the model provides an ad-
equate description of the process is accepted at a chosen significance level,
typically 5% or 1%. Asymptotic-statistical theory is then used to characterize
the uncertainty in the parameters. Since the purpose of model building is sel-
dom simply to estimate the parameters, it is necessary to understand how the

2



errors in the parameters propagate to any other quantity calculated on the ba-
sis of the proposed model. For design and analysis purposes, frequency domain
quantities are of common interest. As noted by Gevers (2004), the identified
model might be of high order, and of a complexity, that is not suitable for
controller design. In particular, model-based controllers are of the same order
as the identified model. If it is desired to use a simplified model of the process
for design and analysis, the simplified model should be derived from the full
model and the uncertainty bounds for the simplified model should be derived
from the full model. [6–8]. Constructive methods for doing this are described
in the latter two references.

Most statistically-based methodologies presume that the uncertainty in the pa-
rameters can be characterized in terms of ellipsoidal uncertainty regions. The
justification is that the parameter estimates obtained from prediction-error
methods have an asymptotic multivariate normal distribution. This asymp-
totic result requires that the model can be adequately represented by a 1st
order Taylor series expansion in the parameters about the least squares esti-
mates. The ellipsoidal regions result from applying standard theory of quadratic
forms in normal variates.

Statisticians have known for quite some time that uncertainty regions may
be far from ellipsoidal for systems described by models that are nonlinear in
the parameters. These ellipisoidal, or linearization-based confidence intervals,
have been shown to be unreliable, and sometimes misleading when used in
conjunction with nonlinear regression models [10] and time series models [11].
In the case of time series models, this non-ellipsoidal behavior also arises when-
ever the model has poles and zeros that are ’close’ to the unit circle. When
functions of parameters are of interest, the asymmetry of confidence intervals,
and their departures from those predicted from asymptotic theory, may be
attributed to the use of the nonlinear transformations employed. These unde-
sirable features may still be present if the model is linear in the parameters,
and the function of interest is a nonlinear function of the parameters.

The concept of generalized profiling has been developed in the statistical lit-
erature [1,12,13] to enable the numerical construction of more realistic un-
certainty intervals in those instances where the ellipsoidal uncertainty regions
are inadequate. The theoretical underpinnings of the method arise from the
consideration of the likelihood approach to quantifying uncertainty. The nu-
merical construction of these likelihood uncertainty regions, termed profile
likelihoods, requires solution to a series of constrained optimization problems.

In this paper, generalized profiling is used to analyze the distortion of confi-
dence regions and intervals that may arise when using statistics that are of
interest in robust estimation and robust control. These statistics may include
the parameters that describe the dynamic behavior of the process, or func-
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tions of these parameters, such as predictions, the process gain, phase and gain
margins, and other frequency domain quantities. Application of generalized
profiling to enable construction of confidence regions for multiple functions of
parameters, such as Nyquist plots, is also feasible. A number of practical di-
agnostics are developed to assist in ascertaining whether or not nonlinearities
may impact the standard linearization confidence regions and intervals.

Bootstrapping [14,15] is another method that has been used to construct un-
certainty regions. However, as demonstrated by an example in this paper, this
method may provide very misleading uncertainty descriptions in dynamical
systems as the spectral characteristics of the process input may not be pre-
served in the resampling scheme.

This paper is structured as follows. In the next section, the class of dynamic
models is described. This is followed by a brief review of classical confidence-
interval estimation results that are most often used in analysis of the models
described in the previous section. A number of underlying assumptions that
are often ignored are highlighted, as these have important implications regard-
ing stability / invertibility of the models. This is followed by a description of
generalized profiling, a detailed algorithm for its implementation, and a num-
ber of diagnostics that can be used to assist in determining whether nonlinear
effects will be important. A simulated example is used to illustrate the main
features of paper. The focus is on demonstrating the use of generalized profil-
ing in control applications, and on connecting generalized profiling to issues in
system identification, dynamic design of experiments, and robust control. The
paper concludes with a brief description of outstanding issues and directions
for future research.

1.1 Process Description

In this paper, we are considering processes that can be adequately described
by an additive transfer function plus disturbance of the form [16]

A(q−1)yt =
B(q−1)

F (q−1)
q−dut +

C(q−1)

D(q−1)
at (1)

where

A(q−1) = 1 + a1q
−1 + . . . + anaq

−na

B(q−1) = b0 + b1q
−1 + . . . + bnbq

−nb

C(q−1) = 1 + c1q
−1 + . . . + cncq

−nc (2)

D(q−1) = 1 + d1q
−1 + . . . + dndq

−nd

F (q−1) = 1 + f1q
−1 + . . . + fnfq

−nf
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and d is the delay between making a change in the manipulated variable
ut and observing its first effect on yt. This general model includes within
its structure, specific model types such as the autoregressive moving average
(ARMA) model, the autoregressive moving average model with exogenous
inputs (ARMAX) model and the Box-Jenkins model [16,17]. It can be verified
that a general transfer function model is nonlinear in the parameters. That is,
the partial derivative of yt with respect to at least one of the parameters is,
itself, a function of the parameters. The exception is the ARX model which is
linear in the parameters.

The disturbance model is invertible if C(q−1) has all of its roots, in q−1, outside
the unit circle in q−1. The process transfer function is stable if A(q−1) and
F (q−1) have all of their roots outside the unit circle. The disturbance model is
stable if D(q−1) and A(q−1) have all of their roots outside the unit circle. The
presence of unit roots in D(q−1) and A(q−1) allows for drifting or meandering
stochastic behavior. In this paper we are only considering processes that are
stable, or that have been stabilized through feedback control. In order to
estimate the parameters from data, it is required that C(q−1) be invertible
[16–18].

Generalized profiling is not restricted to models that are described by Equation(1).
It can be used with a wide-variety of process models, including: steady-state
mechanistic models, ordinary and partial differential equation models, and
multi-response models.

In the system identification literature, confidence intervals are widely quoted.
It is important to understand that almost invariably they are approximate
confidence intervals based on first linearizing the nonlinear model and any
nonlinear function of the parameters. This linear approximation approach is
attractive in that it provides computationally simple results. However, it has
been shown that in the case of nonlinear regression models, linear approxima-
tions are often unreliable and misleading [19,10,20]. In the case of pure time
series models, the linearization approach can be very misleading whenever
the numerator and / or denominator of the time series transfer function have
roots that are in close proximity to the unit circle [11]. Additionaly, when a
transfer function model is included, one would expect, and is confirmed in this
paper, that the linearization results may be erroneous whenever the roots of
the discrete transfer function term, A(q−1) and F (q−1) are close to stability
boundaries. In continuous systems, proximity to stability usually implies an
underdamped response or promixity to an integrating response. In discrete
systems, rapid sampling of overdamped continuous systems leads to discrete
models that have poles near the unit circle. The step response of these discrete
systems is also overdamped. The mapping of the poles of continuous systems
into discrete models is outlined in a number of standard references on discrete
systems, i.e., [21]. The location of the poles of the discrete system is a function

5



of the sampling interval and the poles of the continuous systems. The mapping
of the location of the roots of B(q−1), the zeros of the discrete system, are
much more intricate [22]. Unlike the disturbance transfer function, the loca-
tion of the roots of B(q−1) are not as critical to distortion of the confidence
regions as these parameters enter the model linearly.

2 The Linearization Approach to Confidence Estimation

For all types of models (e.g., mechanistic, empirical, steady-state, dynamic)
which are nonlinear in the parameters, it is common to estimate confidence
intervals for individual parameters by first taking a linear approximation to
the nonlinear model with respect to the model parameters, and then applying
linear inference results. These are known in the statistics literature as Wald-
confidence regions or intervals. In this section the basic results are stated
as this material is required to explain the profiling approach to confidence
estimation.

Consider a general model of the form:

yt = f(xt,θ
∗) + at (t = 1, 2, ...N) (3)

where the function f(xt,θ
∗) is the expected value of the response variable yt,

xt is a vector of the levels of m independent variables, xt = (xt,1, xt,2, . . . , xt,m)T ,
θ∗ is a vector of p parameters (θ∗1, θ

∗
2, . . . , θ

∗
p)

T , and at is the additive random
error term associated with yt. The terminology used to refer to this model and
its variables changes depending on the context. The independent variables
xt are also referred to as input variables or manipulated variables. yt is also
called an output variable or a controlled variable. Equation (3) can be written
in terms of a vector of N observed response values y = (y1, y2, . . . , yN)T :

y = f(X,θ∗) + e (4)

where X is an N × p matrix of x values or functions of x with element xt,j

representing the level of the jth x variable for observation t, and e is the N ×1
vector of at values.

The description thus far is quite general. In applications in system identifi-
cation discussed in this paper, f(xt,θ

∗) = ŷt|t−1 where the latter term is the
one-step ahead minimum mean square error forecast of yt given information
available to time t − 1. This forecast is readily constructed from the transfer
function models described in Equation (1).
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2.1 Confidence Estimation for Parameters

To determine the statistical properties of the estimated parameters, let θ∗

denote the true value of the parameters, θ denote a vector of arbitrary val-
ues and the least squares estimates, θ̂, are those that are obtained from the
solution to

θ̂ = arg min
θ

S(θ) (5)

where

S(θ) =
N
∑

t=1

(yt − f(xt,θ))2 (6)

Define

s2 =
S(θ̂)

N − p
(7)

F∗ =
∂f(X,θ)

∂θT |θ=θ∗

F̂ =
∂f(X,θ)

∂θT |θ=θ̂

V∗ = F∗

T F∗

V̂ = F̂
T
F̂ (8)

Theorem 1 [12,23]: Let f(X,θ) be a twice-differentiable function in the do-
main of interest. Given e ∼ N(0, σ2IN) and appropriate regularity conditions,
then asymptotically

θ̂ − θ∗ ∼ N(0,σ2V −1

∗
) (9)

(θ̂ − θ∗)
T
V ∗(θ̂ − θ∗)

ps2
∼ Fp,N−p (10)

(S(θ∗) − S(θ̂))/p

S(θ̂)/(N − p)
∼ Fp,N−p (11)

The notation convention is that ∼ denotes ”distributed as”. N(0,σ2V −1

∗
)

denotes a multivariate normal distribution with mean vector 0 and variance-
covariance matrix σ2V −1

∗
. Fp,N−p denotes the ratio of two appropriately scaled

independent χ2 variables, with p and N-p degrees of freedom respectively.
(Recall that the number of parameters equals p). On estimating F∗ by F̂ and
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V∗

−1 by V̂
−1

, an approximate 100(1 − α)% confidence region for θ∗ is given
by all values of θ∗ satisfying

{θ∗ : (θ̂ − θ∗)T V̂ (θ̂ − θ∗) ≤ ps2Fα
p,N−p} (12)

where Fα
p,N−p is the critical value from the F distribution with p and N-p

degrees of freedom. Typical values for α are 0.05 and 0.01.

Equation(12) defines a p-dimensional ellipsoid. An approximate 100(1 − α)%
confidence interval for parameter θ∗i is given by

θ̂i ± t
α/2
N−pse(θ̂i) (13)

where the standard error is

se(θ̂i) =

√

s2[V̂
−1

]ii (14)

t
α/2
N−p denotes the critical value from the t distribution with N − p degrees of

freedom. In most applications encountered in system identification, N − p >
100. When this occurs, critical values of the t distribution are indistinguish-
able from critical values of the standardized normal distribution. The identity
t
α/2
N−p =

√

Fα
1,N−P is used in deriving Equation (13). The justifications for re-

placing F∗ by F̂ and V −1
∗ by V̂

−1
are outlined in [12,23].

Remarks:

1. A linear model is a special case of (4) where f(X,θ∗) = Xθ∗. In this case
the results stated in Theorem 1 are true for finite N when the explanatory
variables, X′s, are deterministic variables uncorrelated with e. This is
often referred to as the ordinary least squares (OLS) situation. When the
OLS conditions apply

S(θ∗) − S(θ̂)

ps2
=

(θ̂ − θ∗)
T
V̂ (θ̂ − θ∗)

ps2
∼ Fα

p,N−p (15)

Contours of the sums of squares surface are elliptical.
2. The development of the confidence regions and intervals for the nonlinear

model proceeds as if the true model were generated from a linearized
representation obtained by a 1st order Taylor series expansion about the
least squares estimates θ̂

f(X,θ∗) − f(X, θ̂) = F̂ (θ∗ − θ̂) (16)

3. Asymptotic consistency of the least squares estimate only requires that
the additive error be identically and independently distributed. Normality
is not required [12].
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4. The derivation in [12] is for the general model described in Equation (4).
Derivations for models described in Equation (1), which can be considered
subsets of the general case, are given in [24,16,17].

5. The partial derivatives required in Equation(8) are easily calculated in
a recursive fashion for processes described by Equation(1) [25,18,17,16].
The estimated variance-covariance matrix of the parameters is available
in most identification packages.

6. The linearization results are widely used. However, there is no assurance
that the joint confidence region, Equation(10), or the marginal confi-
dence interval, Equation(13), describe parameter values for the process
model that are confined to stability / invertibility regions. Clearly if the
true model is stable / invertible, then all plausible parameters should
be stable / invertible. Confidence regions and intervals constructed from
generalized profiling will include only stable and invertible models.

7. In the case where the structural form of the model differs from the true
process description, i.e., f(x,θ) is replaced by a function h(x, θ), the
resulting estimated parameters will still have an asymptotic normal dis-
tribution [12,17,24,16]. However, the limiting variance-covariance matrix
requires knowledge of both f(x,θ) and h(x, θ). Serious errors in estimat-
ing the variability of the parameters can be made when model-mismatch
exists [26,17].

2.2 Confidence Estimation for Functions of Parameters

Consider a q-dimensional function of the parameters of the form g(x,θ). De-
fine the q × p matrices

G∗ =
∂g(x,θ)

∂θT |θ=θ∗

Ĝ =
∂g(x,θ)

∂θT |θ=θ̂ (17)

Theorem 2 (Seber and Wild, (1989): In addition to the requirements in The-
orem 1, let g(x,θ) be twice-differentiable in the region of interest. Asymptot-
ically,

g(x, θ̂) − g(x,θ∗) ∼ N(0, σ2G∗V
−1
∗ G∗

T ) (18)

On estimating F∗ by F̂ , G∗ by Ĝ and V −1
∗ by V̂

−1
, an approximate 100(1−

α)% confidence region for g(x,θ∗) is given by all values of Ĝθ∗, where θ∗
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satisfies

{θ∗ : (θ̂ − θ∗)T Ĝ
T
[ĜV̂

−1
Ĝ

T
]−1Ĝ(θ̂ − θ∗) ≤ qs2Fα

q,N−p} (19)

Equation(19) defines a q-dimensional ellipsoid. An approximate 100(1 − α)%
confidence interval for the rth component of g(x,θ∗), gr(x,θ∗) is given by

gr(x, θ̂) ± t
α/2
N−pse(ĝr(x, θ̂)) (20)

where

se(ĝr(x, θ̂)) =

√

s2ĝT
r V̂

−1
ĝr (21)

and ĝr is the rth column of Ĝ.

Remarks:

1. The statement of the asymptotic distribution for a q-dimensional function
of the parameters of the form g(x,θ) follows by expanding g(x,θ∗) in a
1st order Taylor series about the least squares estimates.

2. When the OLS conditions apply and g(x,θ) is linear in the parameters,
the results are exact for finite N.

3. Equation(19) indicates that the approximate joint confidence region for
a subset of the parameters, q > 1, is also elliptical.

4. The parameter values corresponding to the endpoints of the ellipsoid in
Equation(19) are given by θ̂±s

√

qFα
q,N−q/λiri, i = 1, 2..q where {ri, λi}, i =

1, 2..q are the eigenvectors and eigenvalues of Ĝ
T
[ĜV̂

−1
Ĝ

T
]−1Ĝ. By eval-

uating the parameters at the endpoints of the ellipse, it is possible to check
for stability and invertibility of the model parameters at these points. If
the parameter values at the endpoints of the Wald-confidence region lie
outside of the stability / invertibility region for the model, one is assured
that the Wald-confidence region is not accurate description of the true
underlying confidence region. Stability / invertibility at the endpoints
does not imply that the model is stable or invertible at all points within
the confidence region.

5. Often one is interested in calculating a confidence interval for a function
gr(x,θ) where x is not fixed at a specific value, but rather is an element
of a domain. An example would be that gr(x,θ) is the amplitude ratio
of a transfer function, and x is the normalized frequency defined on the
domain [0, 0.5]. In this case, t

α/2
N−p is replaced by

√

Fα
p,N−p in Equation(20)

[1].
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3 Generalized Profiling

In system identification, it is often argued that the linearization approach
is justified on the basis that the linear inference results are the asymptotic
result as N → ∞, and it is common to deal with large amounts of data. How-
ever, there has been little evidence to support these claims, and the amount
of data which constitutes a “large amount” is seldom quantified. Profiling
[1,27,11,28,13,29,30] is a graphical means by which to display inference results
for parameters, and functions of parameters, of proposed models. Bates and
Watts (1988) developed the algorithm specifically to summarize inferential re-
sults for parameters of nonlinear regression models. Chen (1991), and Chen
and Jennrich (1996) developed the theory of profiling in terms of likelihood ra-
tios and constrained optimization. This formulation of the profiling algorithm
is very general and may be used with several classes of models, including time
series models. Furthermore, the constrained optimization approach readily ad-
mits the problem of computing inference results for functions of parameters
[29,30], so long as these functions are twice-differentiable in the domain of
interest. An important feature of profiling is that any implicit restrictions im-
plied by the constraints are satisfied. For example, confidence intervals for
individual parameters are assured to remain in the stability / invertibility
region, and gain margins will always be positive. The terms profiling and gen-
eralized profiling are often used interchangeably.

3.1 Profiling Univariate Functions

Profiling is derived from the asymptotic distribution of the likelihood function
L(θ). For notational simplicity the dependence of the likelihood function on
X will be dropped. As will been seen in a subsequence section, the logarithm
of the likelihood function in many cases is proportional to S(θ), Equation(6).

It is common to express uncertainty in an estimated value by a confidence
interval. Although often abused, the term “confidence interval” has a precise
statistical definition rooted in the frequency theory of probability [31]. In this
paper, the term likelihood interval is used to describe the uncertainty intervals
obtained using generalized profiling so as to respect the statistical definition
of confidence interval. A nominal 100(1− α)% likelihood interval for g(x,θ∗)
is the set of all values of g(x,θ) which are plausible given the available data.
From standard asymptotic arguments [32]

LI (g(x,θ∗))) =

{

g(x,θ) : −2 ln

(

L(θ)

L(θ̂)

)

≤ χ2
α(q)

}

(22)
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where LI(g(x,θ∗)) is the likelihood interval for g(x,θ∗), χ2
α(q) is the upper

α quantile for the χ2 distribution with q degrees of freedom, θ̂ is the vector of
parameters that maximizes the likelihood function, i.e. the maximum likeli-
hood parameter estimates, θ is any allowable vector of parameter values, L(θ̂)
denotes the value of likelihood function at the maximum likelihood estimates,
and L(θ) denotes the value of likelihood function when the parameters equal
θ [13]. Note that the likelihood ratio statistic asymptotically follows the χ2

distribution [33], except in special cases where it is exact. In order to account
for uncertainty in the value of the variance of the random error σ2, likelihood
intervals are computed based on

LI(g(x,θ∗)) =

{

g(x,θ) : −2 ln

(

L(θ)

L(θ̂)

)

≤ qFα
q,N−p

}

(23)

where Fα
q,N−p is the upper α quantile for the F distribution with q and N −

p degrees of freedom [34]. When a single constraint is present, g(x,θ) =
g(x,θ), Equation (23) states that the likelihood interval for g(x,θ∗) includes
all possible values of g(x,θ) over the region in the parameter space defined

by −2 ln
(

L(θ)

L(θ̂)

)

≤ Fα
1,N−p.

To facilitate comparisons with the linearization intervals when q = 1, it is
first necessary to define the profile-likelihood function. Define θ̃ to be the
argument that maximizes L(θ) subject to the constraint g(x,θ) = c. The
profile-likelihood is defined as L(θ̃) [13]. By construction, g(x, θ̃) = c. Chen
and Jennrich (1996) then define:

τ(g(x, θ̃)) = sign(g(x, θ̃) − g(x, θ̂))

√

√

√

√−2 ln

(

L(θ̃)

L(θ̂)

)

(24)

A 100(1 − α)% likelihood interval for g(x,θ∗) is then

−t
α/2
N−p ≤ τ(g(x, θ̃)) ≤ t

α/2
N−p (25)

where t
α/2
N−p is the upper α/2 quantile for the t distribution with N−p degrees of

freedom [1]. Equation(25) is readily derived from Equation(23) by substituting

q = 1 and recalling that t
α/2
N−p =

√

Fα
1,N−P . The expression in Equation(25) is

a generalization of the results of [1] where the function of parameters was
restricted to g(x,θ) = θi. This expression for τ(g(x, θ̃)) is general in that it
may be used to make inferences about functions of parameters of any model
so long as an expression for the likelihood function may be found. Geometric
interpretations of generalized profiling are given in [29,30].

To find the likelihood interval for g(x,θ∗), it is necessary to solve a series of
constrained optimization problems of the form:
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θ̃ = arg max
θ

L(θ) (26)

subject to:
g(x,θ) = c

A profile-t plot is a plot of τ(g(x, θ̃)) versus c for a range of values of c. The lim-
its of the likelihood interval for g(x,θ∗) can be read from the profile-t plot by
finding those values of c which define the points on the profile at τ(g(x, θ̃)) =

±t
α/2
N−p [1,13]. The term, generalized profiling, refers to the methodology of

constructing the uncertainty regions using the profile-likelihood function as
just described.

Often, it is of interest to judge the relative nonlinearity of a parameter, or
function of parameters, so as to know how reliable the linearization infer-
ence results would be. A reference line, δ(g(x, θ̃)) versus g(x, θ̃), is typically
included on profile-t plots, where

δ(g(x, θ̃)) =
g(x, θ̃) − g(x, θ̂)

se(g(x, θ̂))
(27)

This reference line may be used to obtain the linearization confidence intervals
for g(x,θ∗), and to judge the relative curvature of the function [13,1].

While the shape of the likelihood region defined by Equation(25) is exact, the
confidence level is deemed nominal. That is, the probability that the function
of interest lies in the aforementioned region may differ from 1 − α. Discrep-
ancies arise not from the nonlinearity itself, but from using the asymptotic
distribution for the likelihood ratio. Beale(1960)[45] and Bates and Watts
(1980) have shown that when the effects of the nonlinearity are inherent in the
model structure (intrinsic nonlinearity), as opposed to the particular parame-
terization employed (parameter effects nonlinearity), the nominal and actual
coverage are very close. A number of authors have demonstrated that the in-
trinsic nonlinearity is most often insignificant in many nonlinear estimation
problems.

To illustrate the construction and interpretation of a profile-t plot, consider
Figure 4 where profiling is undertaken for a parameter entitled f1. (The expla-
nation of this parameter and the model from which is determined is outlined in
a subsequent section). The maximum likelihood estimate of f1 is f̂1 = −1.6783.
The straight line on this figure is δ(g(x, θ̃)). The linearization confidence in-
terval for the true value of f1 is obtained by finding the two points where
δ(g(x, θ̃)) = ±t

α/2
N−p. For α = .05, t

α/2
N−p = 1.96, and the 95% linearization

confidence interval is [−1.92,−1.44] The smooth curve in this Figure, is the
function τ(g(x, θ̃)). The 95% likelihood interval is [−1.85,−1.31]. If a 99%
uncertainty interval is required, the differences between the linearization con-
fidence interval and the likelihood interval increase.
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3.2 The Likelihood Function and Estimation

If it is assumed that the sequence of random shocks {at, t = 1, 2..N} are inde-
pendently and identically normally distributed with zero mean and variance
σ2

a, then the likelihood function for θ is

L(θ) = (2πσ2
a)

−n/2|Ω|−1/2 exp

(

−yTΩ−1y

2σ2
a

)

(28)

where L(θ) is the likelihood function for the unknown parameters of the model
and σ2

aΩ denotes the n × n covariance matrix for y.

The likelihood function for models described by Equation (1) can be calcu-
lated using a time-varying Kalman filtering approach. A thorough discussion
of the use of Kalman filtering to compute maximum likelihood parameter es-
timates in transfer function models is provided in [35]. Numerically stable
factorization algorithms for the Kalman filter are described in [36]. Excellent
approximations to the likelihood function can be obtained using prediction-
error methods [16]. In a prediction-error method, the sums of squares of the
prediction errors are minimized, that is, the parameters are chosen according
to Equations(5) and (6) where now

S(θ) =
N
∑

t=1

(yt − ŷt|t−1)
2 (29)

and ŷt|t−1 is the one-step ahead prediction error for yt given information avail-
able up to and including time t-1. The prediction is readily constructed from
the postulated model form (1). Typical estimation methods provide for a va-
riety of means of contending with the unknown initial conditions that are
required to start the recursion for ŷt|t−1. One approach is to set the initial
conditions to zero. Another is to employ ’backcasting’ or estimation of initial
conditions [18,16]. When either of these two methods is used, the param-
eter estimates are essentially the same as those obtained from minimizing
the likelihood function with the key advantage of simplicity and ease of pro-
gramming. Both options are available in the System Identification Toolbox in
MATLABTM .

The relationship between the likelihood function and the sums of squares
function for the case where the driving force, {at, t = 1, 2...N}, is a sequence
of independently and identically distributed normal random variables (the
usual case considered in system identification), is given by [35]

−2 ln(L(θ)) = K + N log(σ2
a) +

S(θ)

σ2
a

(30)
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where K is a constant. Using this equation and replacing σ2
a by S(θ̂)/(N − p),

−2 ln

(

L(θ)

L(θ̂)

)

=
(S(θ) − S(θ̂))/q

S(θ̂)/(N − p)
(31)

Profiling then involves solving a series of constrained one-step ahead optimiza-
tion problems. The generalized profiling algorithm is given in Figure 1.

Remarks:

1. The likelihood regions constructed using profiling ensure that the param-
eters remain in the stability / invertibility regions. If this were not true,
then the likelihood function would be unbounded for the case of unsta-
ble parameter values. Invertibility is ensured as prediction-error methods
automatically identify invertible disturbance models.

2. It is difficult to make general statements regarding conditioning of the
solution space for the optimization problem. It has been possible to con-
struct examples where gradient-based methods failed. In these instances,
a pattern search method was successfully employed. The efficiency of
the algorithm described in Figure 1 relies on the use of parameters calcu-
lated in the previous iteration as starting points for each new value of the
constraint. Convergence to local minima was not encountered using this
approach. Erroneous results for the uncertainty intervals will be obtained
if local minimum are located.

3. There exists a special class of functions g(x,θ) for which profiling is not
an appropriate method for computing likelihood intervals. When g(x,θ)
is not a monotonic function of θ, and when an unconstrained optimum
of g(x,θ) is located at the same point as the unconstrained optimum of
the L(θ), the profiling algorithm will fail [30].

4. Gustafsson and Hjalmarsson (1995) have shown that the likelihood func-
tion can be modified though the use of Bayesian approach by employing
a ’stabilizing prior’. This methodology was developed for autoregressive
time series models and would require modifications to incorporate moving
average parameters and transfer functions. In theory, it might be possi-
ble to use a combination of ellipsoidal approximations and the nonlinear
correction factor, which arises from the stabilizing prior, to compute the
likelihood ratio. This is an area of future research.

5. Bates and Watts (1988) proposed a means of using the information gath-
ered throughout the process of profiling to sketch joint likelihood regions
for pairs of parameters in nonlinear regression models. Profile-t plots are
the basis for producing profile-pair sketches. To construct a bivariate
profile-confidence region, it is necessary to construct individual profile-t
plots for the two functions of interest. Using a spline interpolant, it is then
possible to construct the joint confidence region. The sketched region is
based on the true nonlinear model and the regions remain true to any
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implicit constraints on the functions of parameters. Readers are referred
to [1] for a description of the algorithm and pseudo-code. Profile-pair
sketches are a computationally economical way of representing pairwise
joint likelihood regions using the information obtained through profiling.
Construction of profile likelihoods for regions on a Nyquist plot is an
example of where this might be used.

6. Generalized profiling is based on likelihood arguments, and as such is
restricted to minimization of one-step ahead prediction errors. In system
identification, it may be advantageous to use a weighted least squares
approach, which might correspond to application of a linear filter to
the input and output, or the use of a multi-step ahead prediction er-
ror. In either case the objective function is of the form S(θ) = (y −
f(X,θ∗))T Q(y − f(X,θ∗)), where Q is a positive definite matrix that
is constructed from the filtering or multi-step prediction weights. It is
clearly possible to profile the modified objective function. The concept
of using alternate objective functions is alluded to in [12]. At the present
time, the requisite distribution properties for the alternative objective
functions are not known, and are being investigated.

3.3 Linear Model Comparison and Nonlinearity Diagnostics

It is of interest to compare the confidence intervals and regions obtained from
the profiling approach to those obtained using traditional statistical method-
ologies when the model is linear in the parameters and the constraint is a
linear combination of the model parameters. This comparison provides some
key insights regarding the profiling methodology. In addition, it motivates sim-
ple diagnostics that can be used to assess the potential effect on confidence
regions of nonlinearities arising from parameter estimation or from the use of
nonlinear functions of estimated model parameters. If the process is described
by a linear model, and the constraint is a linear combination of the model
parameters, the constrained optimization problem described in Equation (26)
can be solved using Lagrange multipliers [38]. The following expressions result.

θ̃ = θ̂ + (c − ĝ)
V̂

−1
ĝ

ĝT V̂
−1

ĝ
(32)

S(θ̃) = S(θ̂) +
(c − ĝ)2

ĝT V̂
−1

ĝ

where ĝ = g(x, θ̂). Recall, that in a linear model, V̂ and ĝ are not func-
tions of the parameters. If the endpoints of the Wald-confidence interval for
Equation(20) are substituted into this equation for c
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1. Using a nonlinear optimization package, find the maximum likeli-
hood estimate (MLE) of θ.

2. Calculate ĝ = g(x, θ̂). ĝ is the MLE of g(x,θ).
3. Compute an estimate of the variance of the additive random error

(i.e. compute s2).

4. Compute Cov(θ̂) = s2V̂
−1

and ĝ = ∂g(x,θ)

∂θT |θ=θ̂

5. Compute se(ĝ) =
√

s2ĝT V̂
−1

ĝ.
6. Set the index i to 1, and let gold = ĝ.
7. Move the value of g(x,θ) away from ĝ by a small amount ∆ (i.e.,

gi = gold + ∆). A good starting value for ∆ is se(ĝ)/5.
8. Use a constrained nonlinear optimization package to solve the con-

strained optimization problem: minimize S(θ) subject to g(x,θ) =
gi. The location of the constrained optimum is θ̃.

9. Compute

τi = sign(gi − ĝ)

√

√

√

√

S(θ̃) − S(θ̂)

S(θ̂)/(N − p)
δi =

gi − ĝ

se(ĝ)

10. Is |τi| ≥ t
α/2
N−p? If yes, continue. If no, set gold = gi, set i = i + 1,

and return to Step 7.
11. Is ∆ negative? If yes, continue. If no, set gold = ĝ, set i = i+ 1, let

∆ = −∆ and return to Step 7.
12. Fit a smooth curve through gi versus τi and use this to find the

values of g at τ = ±t
α/2
N−p. These are the limits of the likelihood

interval.
13. Compute the limits of the linearization confidence interval using

CI = ĝ ± se(ĝ)t
α/2
N−p

14. Construct the profile t plot by plotting, on one figure, τi versus gi,
and δi versus gi.

Fig. 1. A step-by-step algorithm for profiling a function of parameters g(x, θ).

θ̃ = θ̂ ± st
α/2
N−p

V̂
−1

ĝ
√

ĝT V̂
−1

ĝ

(33)

= θ̂ ± s2t
α/2
N−p

V̂
−1

ĝ

se(ĝ)

S(θ̃) = S(θ̂) + s2Fα
1,N−p
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For the case when the constraint is an indicator function, i.e. g(x,θ) = θi, ĝ is
a vector of zeros, except in the ith position, where it is 1. It is readily verified
that

θ̃k = θ̂k ± t
α/2
N−pρikse(θ̂k) (34)

where ρik is the correlation between θ̂i and θ̂k.

These results are important for several reasons. First, a confidence interval
is reported using linearization assumptions, there are implied values for the
other model parameters that give rise to this particular interval. The resulting
parameter values should be tested to ensure that the stability / invertibility
constraints are satisfied. If they are not, one is assured that the linearized or
Wald-confidence interval will be substantially different from the corresponding
likelihood interval obtained through profiling.

Secondly, these equations provide a constructive means for assessing the im-
pact of potential nonlinearities without resorting to profiling. Departures from
the Wald intervals arise from the impact of parameter nonlinearity and proxim-
ity to the stability / invertibility boundary, and nonlinearity of the constraint
function. The impact of the first effect is manifest in nonquadratic behavior
of the sums of squares function (Equations (32,33). Rather than computing
the likelihood function at the constrained optimum as required in the profiling
algorithm, the likelihood function will be evaluated for a range of values of
c where θ̃ is now calculated from Equation (32). The resulting curve will be
compared to what would be expected if the model were linear. Although it is
not possible to test the differences statistically, a visual comparison of these
plots should provide some practical guidance as to whether the likelihood
function (sums of squares function) is non-quadratic in nature. The second
simple diagnostic, is to examine the nonlinearity of g(x, θ) over the domain of
interest. If either of these computationally simple diagnostics indicate moder-
ate to severe nonlinearities, then profiling should be contemplated. A detailed
algorithm is described in Figure 2.

A computationally simple, nonlinearity diagnostic for the likelihood surface is
readily developed. The 100(1−α)% boundary for the likelihood region for the
parameters is determined by all values of θ̃ such that

S(θ̃) = S(θ̂)(1 +
p

N − p
Fα

p,N−p) (35)

This equation follows directly from Equation(11). When the linearization re-
sults are adequate, this surface will coincide with the ellipsoid defined in
Equation(10). The principal axes of this ellipsoid are aligned with the eigen-
vectors of V̂ . (Recall that in a linear model V̂ = XTX). The half-length of
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1.-5. Same as algorithm described in Figure 1
Diagnostics for Individual Parameters and Functions of Pa-
rameters

6. Set the index i to 1, and let gold = ĝ.
7. Move the value of g(x,θ) away from ĝ by a small amount ∆ (i.e.,

gi = gold + ∆). A good starting value for ∆ is se(ĝ)/5.

8. Calculate θ̃ = θ̂ + (gi − ĝ) V̂
−1

g

ĝT V̂
−1

ĝ

9. Compute

τ̃i = sign(gi − ĝ)

√

√

√

√

S(θ̃) − S(θ̂)

S(θ̂)/(N − p)
δ̃i =

gi − ĝ

se(ĝ)
g̃i = g(x, θ̃)

10. Is |δ̃i| ≥ t
α/2
N−p? If yes, continue. If no, set gold = gi, set i = i + 1,

and return to Step 6.
11. Is ∆ negative? If yes, continue. If no, set gold = ĝ, set i = i+ 1, let

∆ = −∆ and return to Step 6.
12. Construct diagnostics by plotting, on one figure, τ̃i versus gi, and

δ̃i versus gi. On another figure plot g̃i versus gi and gi versus gi

Overall Diagnostics for Likelihood Surface
13. Calculate eigenvalues and eigenvectors of V̂ . Denote these by

λk, rk, k = 1, 2..p
14. Set indices i and k to 1, and let wi = −1

15. Calculate θ̃ = θ̂ + wis

√

pF α
p,N−p

λi
rk

16. Compute

τ̃i = sign(wi)

√

√

√

√

(S(θ̃) − S(θ̂)/p

Fα
p,N−pS(θ̂)/(N − p)

17. Is wi ≤ ?. If no, go to 18. If yes, i = i + 1, wi+1 = wi + .05 Go to
15.

18. Construct diagnostic by plotting τ̃i vs wi. This should have slope
1 if the likelihood surface quadratic. Alternatively, plot τ̃ 2

i vs w2
i .

This should be quadratic passing through {(−1, 1), (0, 0), (1, 1)}
19 Repeat Steps 14-18 for k = 2...p.

Fig. 2. A step-by-step algorithm for diagnosing potential nonlinearity effects.

each axis is s

√

pF α
p,N−p

λi
, i = 1, 2..p. An overall departure of the likelihood sur-

face can be analyzed by calculating the difference between the likelihood in the
direction of the eigenvalues of V̂ and the maximum likelihood estimates. If the
linearization results are applicable, this difference will increase quadratically
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as the parameters are increased in the direction of the eigenvectors. A suitable
scaling can be applied to allow a compact visualization in the p directions. An
algorithm for this is shown in the lower half of Table 2.

Another diagnostic is to use the ellipsoid-bounding method proposed in [39].
A nominal confidence level is chosen, and the smallest ellipsoid that will cir-
cumscribe the likelihood region for the parameters is located numerically as is
the largest ellipsoid that is inscribed by the likelihood region for the parame-
ters. This is a difficult optimization problem, and is very poorly conditioned
when there is high correlation among the parameters.

4 Illustrative Examples

All examples are based on a second-order discrete system which is described
by the model

yt =
0.0172

1 − 1.7236q−1 + 0.7408q−2
q−2ut +

1

(1 − 0.90q−1)
at (36)

The process transfer function can be derived as a sampled version of two first
order transfer functions in series with time constants of 10 units and 5 units
when a sampling interval of 1 unit is used [21]. There is one period of pure
delay and an additional period of delay introduced through sampling. The pa-
rameters of the model are close to the stability boundaries for a second-order
system. This system is not however close to instability in the sense of hav-
ing an underdamped response. For a second order system with denominator,
1+f1q

−1 +f2q
−2 it can be shown that the stability region in the (f1, f2) plane

is an isosceles triangle with co-ordinates {(−2, 1), (0,−1), (2, 1)}. The maxi-
mum distance from any set of parameters describing a stable system to the
stability boundaries is 1/

√
2. For this system, it is readily established that the

minimum distance from (−1.7236, .7408) to a stability boundary is 0.012. Lam
and Watts (1991) [11] showed that for ARMA models, parameters near the
stability/invertibility boundaries tend to show significant nonlinearity. One
might suspect that linearization-based confidence intervals / regions for this
example might be unreliable.

The variance of the white noise input σ2
a was chosen to be equal to 0.0361.

This results in the disturbance 1
1−0.9q−1 at having a variance of 0.19. The total

variance of the simulated yt series was 0.51. The system has a signal to noise
ratio (SNR) of 1.68. As will be seen, despite this relatively high SNR, the para-
metric uncertainty is significant for the several of the functions of parameters
that are examined, as is the nonlinearity.
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In examples where a controller is considered, a Dahlin controller [21] is used.
In the absence of disturbances, the closed loop dynamics of the system are
expected to follow a first-order-plus-dead-time model. The controller design
is based on a direct synthesis approach and is identical to an Internal Model
Controller using a first order filter [21]. This controller has the form

Gc(q
−1) =

(1 − γ)q−d

1 − γq−1 − (1 − γ)q−d

1

G∗
p(q

−1)
(37)

where γ is a tuning constant which is related to the discrete time constant of
the desired closed loop system, d is the process delay defined in Equation(1),
and

G∗
p(q

−1) =
B∗(q−1)

F ∗(q−1)
q−d =

0.0172

1 − 1.7236q−1 + 0.7408q−2
q−2 (38)

is the true process model. For our example γ = 0.5 is selected. Although
selecting γ = 0.5 results in a very aggressive controller, the controller is useful
for illustrative purposes. With γ = 0.5,

Gc(q
−1) =

0.5F ∗(q−1)

(1 − 0.5q−1 − 0.5q−2)B∗(q−1)
(39)

=
29.07(1 − 1.7236q−1 + 0.7408q−2)

1 − 0.5q−1 − 0.5q−2

Note that the controller has a pole at q−1 = 1 causing it to have integral
action.

In practice, G∗
p(q

−1) is never known exactly, but rather, is estimated by Ĝp(q
−1),

where Ĝp(q
−1) is assumed to have a form such that it can capture the true

process dynamics, but the parameter values are only estimates of the true
parameter values. The controller is implemented as

Ĝc(q
−1) =

0.5F̂ (q−1)

(1 − 0.5q−1 − 0.5q−2)B̂(q−1)
(40)

A generalized binary noise (GBN) test signal (Tulleken, 1990) was used for
illustrative purposes. GBN test signals are sequences of inputs alternating
between two levels, where the switching of the signal from the low level to the
high level or vice versa is governed by a probability pswitching. The parameter
pswitching is the probability at any sampling point that the signal will remain
at the same level. The value of pswitching was chosen to 0.9, and the levels
switched between plus and minus one. The length of the data set used for
identification can have a profound affect on the quality of the estimates of
parameters and functions of parameters, as can the spectrum of the input
sequence. For the purposes of identification and inference, a simulated data
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set consisting of 500 observations of the process was used. All calculations
and visualization were performed using MATLABTM . The simplex algorithm
was used to solve all unconstrained optimization problems and MATLABTM

’s sequential quadratic programming (SQP) algorithm was used to solve all
constrained optimization problems.

4.1 Preliminary Diagnostics

The overall diagnostic discussed in Section (3.3) is displayed in Figure 3. In
constructing this figure, an overall confidence level 95% (α = 0.05) was se-
lected. Five curves are shown; four correspond to the sums of squares in the
directions of the eigenvectors of V̂ . The 5th curve is the reference quadratic
curve. Define θ̂ = (b̂0, d̂1, f̂1, f̂2)

T , and consider Curve 1, which corresponds
to the eigenvector r1 = (0.04, 0.01, 0.72,−.69)T . The sums of squares diag-
nostic in the direction −r1, increases much more rapidly than the reference
quadratic curve. This eigenvector corresponds to the largest eigenvalue of the
covariance matrix of the parameters. In the opposite direction, the sums of
squares diagnostic does not increase as rapidly as one might expect were the
sums of squares surface to be adequately described by an ellipsoid. In each
of the other directions the sums of squares function diagnostic shows depar-
ture from the reference quadratic curve. (See the legend in Figure(3) for the
numerical values of the eigenvectors for all four search directions). One might
then anticipate that the profile-likelihood confidence regions for the individual
parameters and functions of parameters, such as the gain margin, will show a
significant departure from the Wald intervals. All of the parameter values used
to generate Figure (3) resulted in stable and invertible models. However, when
the confidence level was increased to 99%, a number of the search directions
used in the sums of squares diagnostic produced parameters that described
unstable processes.

4.2 Profiling Model Parameters

The first function of parameters, is the individual parameter f1, where

yt =
b0

1 + f1q−1 + f2q−2
ut−d +

1

1 + d1q−1
at (41)

That is,

g(x,θ) = f1 (42)

The profile-t plot for f1 is shown in Figure 4. (See Table 1 for the estimation
results for all of the parameters of the fitted model). Although a reasonably
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Fig. 3. Diagnostic Checks for Likelihood Surface using α = 0.05

−r1 ,−− r2, · · · r3, · − ·r4,
−reference quadratic curve (Described in Figure 2)

long data set was used for identification, the profile-t plot is significantly non-
linear and the 95% linearization confidence interval [-1.92 -1.44] differs from
the 95% likelihood interval [-1.85 -1.31]. The difference between the two in-
tervals becomes more pronounced as the level of confidence increases (i.e. as
α decreases). The asymmetry in the confidence interval should also be noted.
Again, this is more pronounced as the confidence level increase. To rely on
the linearization approximations for this example would be to overestimate
the uncertainty in the estimate of f1 with regard to values greater than the
maximum likelihood estimate, and to underestimate the uncertainty for val-
ues of f1 less than the MLE. The parameter f2 was also nonlinear having the
95% linearization interval [0.48 0.91] which differed from the 95% likelihood
interval [0.34 0.87]. In this example, the SNR was relatively high. As the SNR
decreases, more uncertainty is observed in the estimate of a function of pa-
rameters. This uncertainty translates into wider likelihood intervals. Often,
the nonlinearity increases as the SNR decreases, although this is not always
the case. The use of the diagnostics and profiling, should be undertaken to
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ensure that significant nonlinearity is accounted for.

Table 1
Table of Maximum Likelihood Estimation Results.

Parameter True Value MLE Std Error Correlation Matrix

b0 0.0172 0.0199 .004 1.00 .08 .82 -.80

d1 -0.9 -0.8878 .021 .08 1.00 .04 -.04

f1 -1.7236 -1.6783 .066 .82 0.04 1.00 -.99

f2 0.7408 0.6989 .063 -.80 -.04 -.99 1.00

In the statistical literature, the emphasis has been on quantifying uncertainty
in estimates of parameters of models, and on designing experiments to improve
the estimates of the parameters. Control specialists have long recognized that
this emphasis is not always consistent with their needs. Most often in control
applications, the values of the parameters themselves are of little interest.
Usually the modeling objective is to develop a model which captures some
aspect of the behavior of the true system. A flexible control-relevant approach
to designing experiments was presented in [16]. In this paper, the emphasis
is on illustrating the use of generalized profiling for control-relevant functions
of parameters. In control, decisions are based on functions of parameters and
not on the parameters themselves; therefore it is more important to identify
reliable likelihood intervals for the functions of parameters of interest rather
than for the parameters themselves. Nearly all of the control-relevant statistics
of interest outlined in [6–8] can be addressed through profiling.
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Fig. 4. Profile t plot for parameter f1.
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4.3 Steady-State Gain

All three of the parameters in the process model showed some nonlinearity
in their reference behavior. However, it does not follow that all functions of
these parameters will also be nonlinear. The value of the steady-state gain of
the process described by Equation(41) is given by the expression

gain =
b0

1 + f1 + f2

(43)

The profile-t plot for the gain is shown in Figure 5. Although the individual
parameters are nonlinear, the gain behaves relatively linearly and the lineariza-
tion confidence interval for this function of parameters is a good approximation
of the uncertainty in the estimate.

When transfer functions are represented in Finite Impulse Response (FIR)
form, the FIR parameters enter the model in a linear fashion. As long as the
parameters of the disturbance model do not lie to ’close’ to the stability /
invertibility boundaries, one would anticipate that the individual confidence
intervals for the parameter of the FIR model would be well described by the
asymptotic results. However, it is not uncommon for a function of parameters
to behave nonlinearly when all of the parameters behave linearly, or conversely
for a function of parameters to behave linearly when one or more of the indi-
vidual parameters behave nonlinearly [30,29].
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Steady−State Gain

Fig. 5. Profile t plot for the steady-state gain.
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4.4 Gain Margin

The gain margin is a very simple and informative control-relevant statistic used
to measure robustness and stability [41]. Typically, Bode plots are constructed
for the open loop plant-plus-controller system. That is, the transfer function

GOL(q−1) = Gc(q
−1)Gp(q

−1) (44)

is of primary interest. The gain margin is defined as the inverse of the ampli-
tude ratio when the phase lag of GOL(q−1) is −π. If the gain margin is less
than one, then the closed-loop system will be unstable.

Once the controller is specified, the gain margin is calculated using the “best”
process model Ĝp(q

−1). For the example under consideration,

ĜOL(q−1) =
0.5F̂ (q−1)

(1 − 0.5q−1 − 0.5q−2)B̂(q−1)
q2Ĝp(q

−1) (45)

=
0.5

1 − 0.5q−1 − 0.5q−2

The gain margin for ĜOL(q−1) is 3. However, when the controller is imple-
mented, GOL(q−1) may not behave exactly as planned because Ĝp(q

−1) is only
an estimate of the true process. It is of interest therefore to ascertain the
uncertainty in the gain margin.

A profile-t plot of the gain margin of GOL(q−1) is shown in Figure 6. In con-
structing the profile-t plot, the controller is fixed as described in Equation(40).
The uncertainty in the gain margin is then manifest as uncertainty in the es-
timate of the true model G∗

p(q
−1). For this example, the 95% linearization

confidence interval [0.88 5.12] includes values less than one which indicates
that at the 95% confidence level, there is statistical evidence to suggest that
the closed loop process may be unstable. However, the lower limit of the 95%
likelihood interval is 1.37, leading to the conclusion that the closed-loop system
will be stable. A Monte-Carlo investigation was undertaken to investigate the
accuracy of the linearization and likelihood regions. The process output was
simulated with N = 500. This was repeated 10,000 times. For each simulation
the process parameters were estimated for the purpose of determining the pa-
rameters of the Dahlin controller. The gain margin was calculated for each of
these simulations using the true transfer function for Gp(q

−1) in Equation(44).
Summary statistics and a cumulative histogram (empirical-distribution func-
tion) for the gain margin were prepared. Results of this simulation are shown
in Table 2. Although the profile-likelihood intervals do not exactly match those
obtained from the Monte-Carlo simulation, they are much closer to the true
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values than those obtained using the Wald intervals. Also to be noted was that
the median gain margin was 3.02. The computation time for the Monte-Carlo
approach exceeded 2 hours on a typical desktop computer. By contrast, the
profiling algorithm typically required several minutes of computer time and
the diagnostic algorithm several seconds of computer time.

Table 2
Monte-Carlo Evaluation of Confidence Intervals for the Gain Margin

Wald Likelihood Simulation

Prob{gm< 1} 2.90% 0.48% 0.62%

Prob{gm< 1.37} 6.71% 2.50% 1.54%
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Fig. 6. Profile t plot for the gain margin

Although the figures are not shown for brevity, the results from using the
diagnostic tests for the individual parameters and functions of parameters
unequivocally indicated that significant nonlinearities in f1 and f2 would be
present, as well as for the gain margin. The diagnostic tests for the gain
showed that only slight nonlinearity could be expected. The diagnostic tests
are computationally simple and informative.

The uncertainty was also estimated using bootstrapping, in a fashion similar to
that described in [42]. The results were very unreliable in that the uncertainty
was grossly underestimated. This is not surprising. While ’sieve’ or residual-
based bootstrap methods (the type described in [42]) may work well for pure
time-series methods, they can fail when applied to transfer function models
with additive disturbances. The reason, is that it is not possible to resample
the process input while maintaining the spectral characteristics of the input.
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The result is that one effectively generates many disturbance realizations, but
the ’signal component’, i.e., that component arising from the transfer function
is fixed across the many realizations that are generated. As a result, the vari-
ation one observes in the parameters of the transfer function, and functions
of these parameters, arises from variability transmitted through estimation
of the disturbance parameters. To implement a bootstrapping approach, it is
necessary to resample the data in blocks, possible using overlapping blocks.
This is an area of active research [14,15].

4.5 Uncertainty in the Nyquist Domain

Figure 7 shows the Nyquist plot for both the true values of the parameters
and the estimated values of the parameters. Uncertainties in the Nyquist plot
are regions, and not intervals, since each point on the Nyquist curve requires
computation of the real and imaginary components of Ĝ(e−jω), ω ⊆ (0, π). The
sketched regions in Figure 7 are constructed as follows. Pick a frequency ω, say
ω1 on the Nyquist where it is desired to construct the uncertainty interval. Now
calculate the profile-t plot for the real component of Ĝ(e−jω1). Repeat for the
imaginary component of G(e−jω1) From these curves, the uncertainty region
can be sketched using the methodology outlined in [1]. Also shown in this figure
are the linearization uncertainty regions which are ellipsoids. As indicated
earlier, the sketched regions are based on the true nonlinear model and the
regions remain true to any implicit constraints on the functions of parameters.
For example, when ω = 0, Im[Ĝ(eiω] always equals zero. Therefore, as ω
approaches zero, the uncertainty in this function should continue to decrease
until at ω = 0 the uncertainty region reduces to an interval. This trend can
be seen on Figure 7. Also, notice that the overall degree of uncertainty in the
estimates of Re[G(eiω)] and Im[G(eiω)] decreases when ω gets large, as would
be expected, since the frequency response becomes almost independent of the
parameter values at large ω.

5 Conclusions

Uncertainty estimates for parameters or functions of parameters are commonly
used in modelling, analysis and controller design. Most often, the linearization
or Wald intervals are quoted. When the models are nonlinear functions of
the parameters, or when nonlinear functions of the parameters are used to
compute a quantity of interest, the resulting confidence intervals or regions
may be misleading. Profiling has been developed in the statistics literature to
provide more reliable confidence intervals and regions in these situations. The
majority of applications of profiling have been on processes that adequately
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described by mechanistic, steady-state and dynamic models. There have been
no published applications in system identification and only one application in
time series.

In this paper, it was shown how to apply generalized profiling to estimate like-
lihood intervals for functions of parameters commonly used in system identifi-
cation and control. While some functions of parameters behaved quite linearly,
and some linearization confidence intervals were good approximations of the
corresponding likelihood intervals, some were not. The purpose of this work
was to demonstrate the methodology and identify its merits. The cases consid-
ered here suggest that care should be taken when employing linearization-type
inference results, and that there is a place for more computationally intensive
but more reliable approaches to inference. A number of simple diagnostic tests
to detect the presence of nonlinearities were found to be very effective. Other
examples of the use of profiling on real and simulated data sets are found in
[43].

The nonlinearity of a function of parameters is influenced by a range of fac-
tors including the form of the model, its parameterization, the proximity of
the parameter vector to a stability/invertibility boundary, the amount of data,
and the data. In many control applications, data sets of more that 500 ob-
servations are not uncommon, and the sheer quantity of data has been used
as reason enough to assume linearity since the linearization inference results
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are asymptotically exact [16]. However, the amount of data required for the
asymptotic results to apply is poorly known. Also, the amount of data needed
depends on the model, its parameterization, the values of the parameters and
the signal-to-noise ratio. In the face of all of these factors, profiling is a means
by which to ensure reliable inference results. Profiling has application in design
of experiment where it could be used in determining the length of an experi-
ment, or in evaluating competing experimental designs [44]. Current research
efforts focus on extending the methodology to enable profiling of more general
objective functions.

The method was applied to simulated open-loop data. It can be applied to
closed-loop data, so long as the model parameters are identifiable. In addition,
the methodology can be applied to complex mechanistic models described by
algebraic and or differential, partial differential equation models.
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[22] K. J. Åström, B. Wittenmark, Computer Controlled Systems: Theory and
Design, 3rd Ed., Prentice-Hall, New Jersey, 1997.

[23] A. Gallant, Nonlinear Statistical Models, Wiley, New York, NY, 1987.

[24] L. Ljung, Consistency of the least-squares identiification method, IEEE Trans.
Autom. Control 21 (1976) 779–781.

[25] M. Zarrop, Optimal Experiment Design for Dynamic System Identification,
Springer-Verlag, Berlin, 1979.

[26] H. Hjalmarson, L. Ljung, Estimating model variance in the case of
undermodelling, IEEE Trans. Autom. Control 37 (1992) 1004–1008.

[27] J. Chen, Confidence intervals for parametric functions in nonlinear regression,
PhD thesis, University of California, Los Angeles, CA (1991).

[28] T. Severini, J. Staniswalis, Quasi-likelihood estimation in semiparametric
models, JASA 89 (1994) 501–511.

[29] S. Quinn, D. Bacon, T. Harris, Assessing the precision of model predictions and
other functions of model parameters, Can. J. Chem. Eng. 77 (1999) 723–737.

[30] S. Quinn, D. Bacon, T. Harris, Notes on likelihood intervals and profiling,
Commun. Statist.-Theory Meth. 29 (2000) 108–130.

[31] M. Kendall, A. Stuart, The Advanced Theory of Statistics, Second Ed., Charles
Griffin and Comp. Ltd., London, England, 1967.

[32] D. Cox, D. Hinkley, Theoretical Statistics, Chapman and Hall, London,
England, 1974.

[33] G. G. P. Cordeiro, D. Botter, Improved likelihood ratio tests for dispersion
models, Int. Statist. Review 62 (1994) 257.

[34] R. Cook, S. Weisberg, Confidence curves in nonlinear regression, JASA 85
(1990) 544–551.
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